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Inverse Radiation Problem for Simultaneous Estimation of
Temperature Profile and Surface Reflectivity

H. Y. Li* and M. N. Ozisikt
North Carolina State University, Raleigh, North Carolina 27695

A method is presented for simultaneous estimation of the unknown temperature distribution and the diffuse
surface reflectivity in an absorbing, emitting, and isotropically scattering medium from the knowledge of the
exit radiation intensities. The inverse radiation problem is recast as an optimization problem in finite-dimensional
space and the conjugate gradient method of minimization is then used for its solution. The scheme is stable,
insensitive to the initial guess, and in the absence of measurement errors the estimated solution converges to
the exact result.

Nomenclature
an = expansion coefficients for the source term
b = [a,,, f l , , . . . , flN*, p]T

c} = constants defined by Eq. (5b)
d = direction of descent
gn = Chandrasekhar polynomials
/ = radiation intensity
V/ = sensitivity coefficient vector
J = objective function
VJ = gradient of the objective function
n = refractive index
Pn = Legendre polynomials
S — source term defined by Eq. (Ib)
T = temperature
Y = measured exit radiation intensities at the surface

T = 0

Z = measured exit radiation intensities at the surface
T = T()

)8 = step size
y = conjugate coefficient
£ = random variables
fji = direction cosine
£ = eigenvalues
p = surface reflectivity
cr = standard deviation
a- = Stefan-Boltzmann constant
T = optical variable
T() = optical thickness
co = single-scattering albedo

Superscripts
k = kth iteration
T = transpose

Introduction

I N direct radiation problems, the equation of radiative
transfer, the source term, and the properties of the medium

and the boundary conditions are given; the radiation intensity
is to be found.1"3 In inverse radiation problems, the radiative
properties, the source term, or the boundary conditions are
to be determined from the knowledge of the measured exit
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radiation data. A considerable amount of work has been re-
ported for determining the single-scattering albedo, the phase
function, or the optical thickness of a medium from various
types of exit radiation measurements.4 12 The estimation of
temperature profile in the atmosphere from the outgoing ra-
diance is also reported.13-14

The conjugate gradient method has been used to solve lin-
ear equations,15 minimization of functions with or without
constraints,1617 and inverse heat conduction problems.18 2()

This iterative scheme converges very fast and is insensitive to
the initial guess. In this work the conjugate gradient method
of minimization is used to solve the inverse radiation problem
for simultaneously determining the temperature distribution
and the surface reflectivity in an absorbing, emitting, and
isotropically scattering medium from the simulated exit in-
tensities.

Analysis
The analysis, based on the finite-dimensional conjugate gra-

dient method of minimization, consists of the following basic
steps: 1) the direct problem; 2) the sensitivity problem; and
3) the gradient equation. We first describe the procedure for
each of these steps and then present an algorithm for the
solution of the inverse problem.

Direct Problem
For an absorbing, emitting, isotropically scattering, gray,

plane-parallel medium of optical thickness r(), and azimuthally
symmetric radiation, the equation of radiative transfer can be
written as1

dr

0 < T < T(), - 1 < JJL < 1

with

S(r) =
/72oT4(r)

7T

(la)

(Ib)

where 7(r, JJL) is the radiation intensity, T(T) is the tempera-
ture, n is the refractive index, a is the Stefan-Boltzmann
constant, oo is the single scattering albedo, r is the optical
variable, ^i is the cosine of the angle between the direction
of the radiation intensity and the positive r axis. For the case
considered here, we assume that the boundary surface at r
= 0 is a diffuse reflector and has negligible emission; the
boundary surface at r = TO is transparent; there is no exter-
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nally incident radiation. The boundary conditions become

7(0,

(Id)

where p, 0 < p < 1, is the reflectivity of the boundary surface
at T = 0.

The source term involving the fourth power of the tem-
perature is approximated by a polynomial in T as

The above problem defined by Eqs. (1) will be referred to as
the direct problem when 5(r), co, p, and TO are all specified
and the radiation intensity is to be determined. Suppose S(r)
and p are unknown and are to be estimated simultaneously
from the knowledge of the measured exit radiation intensities,
then the problem becomes an inverse problem. Since any
error involved in the solution of the direct problem effects
the accuracy of the estimation, an accurate solution of the
direct problem is essential in the analysis of the inverse prob-
lem. We present below the method of solution of the direct
problem before describing the inverse analysis.

Using the PN analysis, the solution of the direct problem
given by Eqs. (1) for the radiation intensity 7(r, jit) is expressed
in the form21

The constants >4y- and 8, are determined by requiring the so-
lution given by Eq. (3) to satisfy the Marshak boundary con-
ditions as discussed in Ref. 1 as applied to the boundary
conditions given by Eqs. (lc) and (Id).

Once AJ and 7?y are available, the exit intensities at r = 0
and r = T() are calculated from21

n = 0

r s(r) -^ d ' -
Jo

n(fy) f ̂
J()

- (TC) -

> 0 (6a)

|oT"5(r')exp[-(T(l

+ (-!)"£,-exp[-(T0 - T)/§.]}gn(fy) + /,(T, M) (3)

where J* = (N + l)/2, N is an odd integer and 7p(r, IJL)
denotes a particular solution of Eq. (la) corresponding to the
inhomogeneous source term S(r). Here gn(g) are determined
from the recurrence formula

for n = 0, 1, . . . , N, with g()(f) = 1 and /zw = 2« + 1 —
o>6(),;, where 5()w is the Kronecker delta. The eigenvalues fy, j
= 1 , 2 , . . . , /*, are the/* positive solutions of the following
eigenvalue problem:

(4b)

for H = 0, 2, 4, . . . , N - 1.
The particular solution of Eq. (la) is22

' ' ' V
5(T')exp[-(r -

(-1)" S(T')exp[-(T ; - T)/f.] dr' gn(£) (5a)

where

i, 2(^2, - 2 (5b)

<J 2 |gB(§) £"

4^ / f 1 1-*»> S & ̂  Jo

n e-VM' - e-T«^/ , J A n , v 2^
——— ; —— - —— M djit' - 2pe-T»^ 2, —

Jo M - § / « = o

2n + 1

S(T')exp[-(T0 - T')/§] dr' + ^
Z y = i

(6b)

The inverse analysis is now concerned with simultaneous
estimation of the coefficients an(n = 0, 1, . . . , N*) of the
source term defined by Eq. (2) and p of the boundary surface
at T = 0 from the knowledge of the exit radiation intensities
taken at both surfaces of the plate at several different polar
directions. We denote N* + 2 unknown parameters with a
vector b defined as

b = (7)

In the solution of this inverse radiation problem with the
conjugate gradient method of minimization, two quantities
called the "sensitivity coefficients" and the "gradient equa-
tion" will be needed in the analysis. Therefore, before pro-
ceeding to the inverse analysis, we present below the devel-
opment of the sensitivity problem for the determination of
the sensitivity coefficients and the gradient equation.
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Sensitivity Problem
The estimation of the unknown source term S(r) and the

boundary surface reflectivity p from the knowledge of the exit
intensities measured at different directions can be recast as a
problem of minimization of the following objective function
J(b):

J(b) = J" i [7(0, M; ̂  -

, M; ft) - (8)

where y(p,) and Z(p,) are the measured exit radiation in-
tensities at the surfaces r = 0 and r = TO, respectively, and
7(0, fjL\ b) and 7(r(), ju; ft) are the estimated exit radiation
intensities at the surfaces r = 0 and r = r(), respectively, using
the estimated values of the coefficients b = [00, 0,, . . . , aN*,
p]T where an are defined by Eq. (2). Therefore, the inverse
radiation problem is reduced to an optimization problem in
(N* + 2)-dimensional space.

The gradient of the objective function is obtained by dif-
ferentiating J(b) given by Eq. (8) with respect to each of the
unknown coefficients an and p, respectively. Then the result-
ing expressions for dJ/dan and dJ/dp contain the sensitivity
coefficients dl/dan and dl/dp, respectively, which can be de-
termined from the solution of the sensitivity problem devel-
oped as described below.

Differentiating the direct problem given by Eqs. (1) with
respect to an and p, respectively, then rearranging the result,
the following sensitivity problem is obtained for the deter-
mination of the sensitivity coefficients dl/dan and d7/dp, (n =
0, 1, . . . , AT):

A d7(r, LJ) a7(r, LL) _ 0)

ar L a^ J + L a^ J + 2"

O < T < - 1 < ju, < 1

(9a)
with boundary conditions

= 0 > 0 (9c)

for H = 0, 1, . . . , N

a fd7(T, /

0 < T < T{), - l < / x < l

with boundary conditions

"a/(0, y

(Ida)

ap
7(0, -LL')

, f [a/(°- -^')1 M'
Jo |_ c)p J

= o

> 0

>0

The row vector

(lOb)

(lOc)

(11)

is the sensitivity coefficient vector which can be determined
from the solution of the sensitivity problem. We note that p
being unknown, the products pdl/dan and pdl/dp appear in the
boundary conditions Eq. (9b) and Eq. (10b), respectively,
hence the estimation is nonlinear. If the reflectivity were known
the estimation problem would be linear. Clearly, the solution
procedure for Eqs. (9) is similar to that for the direct problem
defined by Eqs. (1) with 5(r) replaced by T", therefore, it will
not be repeated here. We need to consider only the solution
of Eqs. (10) for d7/dp below. Using the PN approximation, the
solution is expressed in the form

a7(T,

+ - ; exp[-(T0 -T)K,]}ga($) (12)

The constants A] and B] are determined by requiring the
solution given by Eq. (12) to satisfy the Marshak boundary
conditions, i.e.

(13a)

^k.(^) = 0 (13b)

0 dp, (13c)

Once A'j and B't are available, the required solutions for
dl/dp are computed from

n-a / = ,

fora = 0, 1, . . . , (N - 1)12, where

ap

+ B' p] > 0 (14a)

__ e-V^- 1

; — M' d/i'
- § J

/*
/Ll > 0 (I4b)

Gradient Equation
Next, we develop expressions for the components of the

gradient, i.e., dJldan and a//ap, by differentiating J given by
Eq. (8) with respect to an and p to obtain, respectively

ay

(15a)+ 2[7(r(), ̂  b) - Z(Li)}
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for n = 0, 1, . . . , N*

2[7(r(), /x; b] -

where the row vector V/ defined by

' d J dJ

d/i

A/

(15b)

(15c)

is the gradient of the objective function. The components dJI
dan and d7/dp can be computed from Eqs. (15) since the sen-
sitivity coefficients dl/dan and d//dp, the exit intensities, and
the measured data Y(JJL) and Z(fji) are available.

Conjugate Gradient Method of Minimization
To determine the unknown vector b defined by Eq. (7), we

consider the following iterative process18^20:

k + l = bk - /3kdk (16)

where pk is the "step size," dk is the "direction of descent"
at kih iteration which is determined from

dk = VJT(bk) + y k d k ~ }

The "conjugate coefficient" yk is computed from

VJ(bk)VJT(bk)=

VJ(bk~l)VJT(bk~l)

(17)

(18)

with y° = 0. Here, the step size pk in going from bk to bk + l

is determined from the condition min^ J(bk + }) or min^ J(bk

- f3kdk), i.e.

= min f° [7(0, ̂  bk - /3kdk] -J - 1

(19a)

Using Taylor series expansion and keeping only the linear
terms, Eq. (19a) becomes

min J ( b k * 1 ) = min \ \ [7(0, /LL; b k ) - /3*V/(0, /u;

[/(r,,, /x; A*) - j3*VI(Tcl. /A; ft*)rf*

(19b)

To minimize Eq. (19b) we differentiate it with respect to /3k

and set the result equal to zero. Solving the resulting equation
for (3k, the following expression is obtained:

Once dk is calculated from Eq. (17) and /3A from Eq. (20),
the iterative process defined by Eq. (16) can be used to de-
termine bk} ' to satisfy a specified stopping criterion. If the
problem involves no measurement errors, the condition

[7(0, ^; b k ) -

< 5* (21)

could be used for terminating the iterative process, where 5*
is a small positive number. However, the measured radiation
intensities contain measurement errors. Computational ex-
periments suggest the use of the discrepancy principle

2<r2 (22)

as the stopping criterion,1S 23 where a is the standard deviation
of the measurement errors.

Computational Algorithm
The iterative procedure for the conjugate gradient method

can be summarized as follows: Assume bk is known at the /cth
iteration.

1) Solve the direct problem Eqs. (1), and compute the exit
radiation intensities 7(0, /A; b k ) and 7(r(), /x; b k ) at the surfaces
T = 0 and r = r(), respectively.

2) Solve the sensitivity problem Eqs. (9) and (10), and
compute the sensitivity coefficient vector VI defined by Eq.
(11).

3) Knowing V7, 7(0, /x; bk), 7(r(), /x; £A ) , and the measured
exit radiation intensities y(/x) and Z(/x), compute the gradient
VJ(bk) from Eqs. (15).

4) Knowing VJ(bk), compute the conjugate coefficient yk

from Eq. (18), then compute the direction of descent dk from
Eq. (17).

5) Knowing V/(0, /LL; M), 7(r(), JLL; 6 A ) , Y(n), Z(/i), and dk,
compute the step size /3k from Eq. (20).

6) Knowing /3A and dk, compute bk + l from Eq. (16).
7) Terminate the process if a specified stopping criterion is

satisfied, otherwise return to step 1.
To initiate the iteration an initial guess b(} = 0 is used.

Results and Discussions
We now present numerical results to demonstrate the ac-

curacy of the conjugate gradient method of minimization for
simultaneously estimating the spatial distribution of the un-
known source term S(r) defined by Eq. (2) which is related
to T(r) and p from the knowledge of the exit radiation in-
tensities. For combustion problems encountered in fires and
furnaces, the temperatures are in general between 800-1800
K.24 Therefore, the source terms are selected such that the
temperatures lie in this range. In coal flames, the single-scat-
tering albedo is in the range 0.2-0.35.2S With these consid-
erations we have chosen the values of the single-scattering
albedo and the refractive index to be 0.3 and 1, respectively.
In order to simulate Y and Z containing measurement errors,
random errors of a are added to the exact exit intensities
computed from the solution of the direct problem. Thus, we
have

Measured = K.xac« +

Zmcasurcd = Zcxacl +

(23a)

(23b)

For normally distributed errors there is a 99% probability of
a value of £ lying in the range - 2.576 < £ < 2.576. A random
number generator such as the IMSL subroutine DRNNOR

, n: bk] dk d/i r,,, /x; b k ) dk d/x

7/(0, /x; Z ? A ) < / A ] 2
(20)

r(1, /i; b k ) d k ] 2 d/x
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can be used to generate values of £. For all the results pre-
sented in this work the exit radiation intensities are measured
at the surfaces r = 0 and r = r(), and 20 measurement points
are taken at each surface over the polar angle interval 0 < 0
< 7T/2.

First, we examine the accuracy of the estimation of the
source term and surface reflectivity from the knowledge of
the exit radiation intensities containing no measurement er-
rors, i.e., cr = 0. The estimated solutions obtained with the
inverse analysis converged to the exact values for all the cases
considered here.

Next, we consider the inverse analysis using the exit in-
tensities containing measurement errors. Figure 1 is for a
source term expressed in a polynomial of degree four in the
optical variable r as

S(r) = 10r + 75r2 - 170r3 85r4 W/cm2

in 0 < r < 1 (24)

and the surface reflectivity taken as p = 0.9. The exit in-
tensities with measurement errors a = 0.05 are used to es-
timate S(r) given by Eq. (24) and the p with the inverse
analysis for the case of a) = 0.3, r() = 1 and n = 1. The
resulting estimated source term and the temperature distri-
bution are shown in Fig. 1. Clearly, the agreement between
the exact and the estimated results is very good.

Figure 2 is prepared to illustrate the effects of the standard
deviation of measurement errors on the accuracy of the es-
timation. Therefore, Fig. 2 is similar to Fig. 1 except the
standard deviation for the measurement errors in the exit
intensities is taken as a = 0.1. Increasing crfrom 0.05 to 0.1,
as expected, decreases the accuracy of the estimation, but the
estimated results are still good.
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Fig. 1 Simultaneous estimation of the spatial variation of the source
term and the surface reflectivity with measurement errors cr = 0.05,
S(T) = 1 + 10r + 75r2 - 170r3 + 85r4 W/cm2, M = 0.3, TO = 1,
n = 1.
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Fig. 2 Simultaneous estimation of the spatial variation of the source
term and the surface reflectivity with measurement errors cr = 0.1,
S(T) = 1 + 10r + 75r2 - 170r3 + 85r4 W/cm2, M = 0.3, TO = 1,
n = 1.
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Fig. 3 Simultaneous estimation of the spatial variation of the source
term and the surface reflectivity with measurement errors <r = 0.05,
S(T) = 1 + 2 Sinh(2r) W/cm2, oj = 0.3, TO = 1, n = 1.
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Fig. 4 Simultaneous estimation of the spatial variation of the source
term and the surface reflectivity with measurement errors cr = 0.1,
S(T) = 1 + 2 Sinh(2r) W/cm2, M - 0.3, TO = 1, n = 1.
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Fig. 5 Simultaneous estimation of the spatial variation of the source
term and the surface reflectivity with measurement errors cr = 0.05,
S(T) = 1 + O.lr2 + O.Olr4 W/cm2, co - 0.3, T() = 5, n = 1.

Figures 3 and 4 are prepared to illustrate the effects of the
functional form of the source term. A source term in the form
of a hyperbolic sine given by

S(r) - 1 + 2 Sinh(2r) W/cm2 in 0 < T < (25)

is chosen and the surface reflectivity is taken as p = 0.1, while
a; - 0.3, T() = 1 and n = 1 remained the same as before.
Figures 3 and 4 show the results obtained with the inverse
analysis for simulated experimental data containing measure-
ment errors of a = 0.05 and a = 0.1, respectively. The
estimated results remain still good.

Figures 5 and 6 are presented to show the effects of the
optical thickness to the estimation. In this case, the unknown
source term is represented as a polynomial of degree four in
the optical variable over the optical thickness r() - 5, i.e.

S(T) = 1 + O.lr2 + O.Olr4 W/cm2 in 0 < r < 5 (26)
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Fig. 6 Simultaneous estimation of the spatial variation of the source
term and the surface reflectivity with measurement errors o- = 0.1,
Sir) = 1 + (Mr2 + O.Olr4 W/cm2, M = 0.3, TO = 5, n = 1.

and the unknown p is taken as 0.1. Figures 5 and 6 show the
estimated source term and temperature distribution for <j —
0.05 and a = 0.1, respectively. The estimation becomes more
sensitive to the increased measurement errors (i.e., a =
0.1) for the case with a larger optical thickness (i.e., r() = 5).

Conclusions
The conjugate gradient method is used to solve the inverse

radiation problem for simultaneous estimation of the tem-
perature distribution and surface reflectivity by using the sim-
ulated exit radiation intensities. Even though the temperature
profiles are functions of r, only exit radiation intensities are
needed as input data (i.e., no measurements are required
inside the medium) to estimate the spatial variation of T(T).
With no measurement errors the estimated solutions converge
to the exact values. The estimation becomes more sensitive
to the measurement errors as the optical thickness is in-
creased.
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